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Abstract
In this paper, we prove that infinitesimal equivariant Chern-Connes charac-
ters are well-defined. We decompose an equivariant index as a pairing of in-
finitesimal equivariant Chern-Connes characters with the Chern character of an
idempotent matrix. We compute the limit of infinitesimal equivariant Chern-
Connes characters when the time goes to zero by using the Getzler symbol cal-
culus and then extend these theorems to the family case. We also prove that
infinitesimal equivariant eta cochains are well-defined and prove the noncommu-
tative infinitesimal equivariant index formula for manifolds with boundary.
Keywords: Infinitesimal equivariant Chern-Connes characters; Getzler symbol
calculus; infinitesimal equivariant eta cochains; infinitesimal equivariant family
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MSC(2010): 58J20, 19K56
1 Introduction
The Atiyah-Bott-Segal-Singer index formula is a generalization of the Atiyah-Singer
index theorem to manifolds admitting group actions. In [BV1], [LYZ], [PW], various
heat kernel proofs of the equivariant index theorem have been given and each method
has its own advantage. For manifolds with boundary, the equivariant extension of the
Atiyah-Patodi-Singer index theorem was given by Donnelly in [Do]. In the equivariant
Atiyah-Patodi-Singer index theorem, the equivariant eta invariant appears and the
regularity of the equivariant eta invariant was proved by Zhang in [Zh]. An infinites-
imal version of the equivariant index formula was established in [BV2] and a direct
heat kernel proof was given by Bismut in [Bi]. The infinitesimal equivariant index
formula for manifolds with boundary was established in [Go] with the introduction
of the infinitesimal equivariant eta invariant.
The counterpart of the index formula in the noncommutative geometry is the
computation of the Chern-Connes character [Co], [JLO], [GS]. The JLO character
was computed in [CM] and [BF] by using the Getzler symbol calculus in [Ge2]. In
[Az], [CH] and [PW], these authors gave the computations of the equivariant JLO
characters associated to a G-equivariant θ-summable Fredholm module. In [Wa], we
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defined the truncated infinitesimal equivariant Chern-Connes characters and com-
puted the limit of the truncated infinitesimal equivariant Chern-Connes characters
when the time goes to zero.
Compared with [Wa], there are several improvements in the present paper. In
(2.2) in [Wa], we defined truncated infinitesimal equivariant Chern-Connes charac-
ters. It is only well-defined when it is a polynomial of Lie algebra elements. In this
paper, we drop off the truncated order J (see (2.2)) and this consequently requires
much better estimates (see Lemma 2.2). As in [GS], we decompose an equivariant in-
dex as a pairing of infinitesimal equivariant Chern-Connes characters with the Chern
character of an idempotent matrix. Compared with Corollary 2.13 in [Wa], we drop
off the limit on the right hand side of Corollary 2.13. Next we compute the limit of in-
finitesimal equivariant Chern-Connes characters when the time goes to zero by using
the Getzler symbol calculus. Since we have dropped off the truncated order, (2.15) in
[Wa] does not hold for our infinitesimal equivariant Chern-Connes characters. So we
can not directly apply the method of Theorem 2.12 in [Wa]. Instead, we first apply
the Getzler symbol calculus to prove the existence of the limit of infinitesimal equiv-
ariant Chern-Connes characters when time goes to zero (Theorem 3.9) and then use
Theorem 2.12 in [Wa] to get the result. On the direction, in Section 3 in [Wa], we de-
fine the truncated infinitesimal equivariant eta cochains. Again in this paper we drop
off the truncated order and then give a proof of the regularity at zero of infinitesimal
equivariant eta cochains by using the method in [PW]. That is, we prove that (3.5)
in [Wa] holds for any k. This allows us to establish the noncommutative infinitesimal
equivariant index formula for manifolds with boundary (see Theorem 4.9). In this
paper, we also define family infinitesimal equivariant Chern-Connes characters and
give the family generalization of the above theorems which does not appear in [Wa].
This paper is organized as follows: In Section 2, we prove that infinitesimal equiv-
ariant Chern-Connes characters are well-defined. Then we decompose the equivari-
ant index as a pairing of infinitesimal equivariant Chern-Connes characters with the
Chern character of an idempotent matrix. In Section 3, We compute the limit of in-
finitesimal equivariant Chern-Connes characters when the time goes to zero by using
the Getzler symbol calculus. In Section 4, we prove that infinitesimal equivariant
eta cochains are well-defined and prove the noncommutative infinitesimal equivariant
index formula for manifolds with boundary. In Section 5, we extend results in Section
2, 3 to the family case.
2 The infinitesimal equivariant JLO cocycle and the in-
dex pairing
Let M be a compact oriented even dimensional Riemannian manifold without
boundary with a fixed spin structure and S be the bundle of spinors onM . Denote by
D the associated Dirac operator on H = L2(M ;S), the Hilbert space of L2-sections
of the bundle S. Let c(df) : S → S denote the Clifford action with f ∈ C∞(M). Sup-
pose that G is a compact connected Lie group acting on M by orientation-preserving
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isometries preserving the spin structure and g is the Lie algebra of G. Then G com-
mutes with the Dirac operator. For X ∈ g, let XM (p) = ddt |t=0e−tXp be the Killing
field induced by X. Let c(X) denote the Clifford action by XM , and LX denote the
Lie derivative respectively. Define g-equivariant modifications of D and D2 for X ∈ g
as follows:
DX := D − 1
4
c(X); HX := D
2
−X + LX = (D +
1
4
c(X))2 + LX . (2.1)
Then HX is the equivariant Bismut Laplacian. Let C[g
∗] denote the space of formal
power series in X ∈ g and ψt be the rescaling operator on C[g∗] which is defined by
X → Xt for t > 0.
Let
A = C∞G (M) = {f ∈ C∞(M)|f(g · x) = f(x), g ∈ G,x ∈ M},
then the data (A,H,D + 14c(X), G) defines a non selfadjoint perturbation of finitely
summable (hence θ-summable) equivariant unbounded Fredholm module (A,H,D,G)
in the sense of [KL] (for details, see [CH] and [KL]). For (A,H,D + 14c(X), G), the
infinitesimal equivariant JLO cochain ch2k(D,X) can be defined by the formula:
ch2k(D,X)(f0, · · · , f2k) :=
∫
△2k
Str
[
e−LXf0e−σ0(D+
1
4
c(X))2c(df1)
·e−σ1(D+ 14 c(X))2 · · · c(df2k)e−σ2k(D+ 14 c(X))2
]
dVol∆2k , (2.2)
where △2k = {(σ0, · · · , σ2k)| σ0 + · · · σ2k = 1} is the 2k-simplex. For an integer
J ≥ 0, denote by C[g∗]J the space of polynomials of degree ≤ J in X ∈ g and let
(·)J : C[g∗] → C[g∗]J be the natural projection. Fix basis e1, · · · , en of g and let
X = x1e1 + · · · xnen. A J-degree polynomial on X is namely a J-degree polynomial
on x1, · · · , xn. Now we prove that ch2k(D,X)(f0, · · · , f2k) is well-defined.
Let H be a Hilbert space. For q ≥ 0, denote by ||.||q the Schatten p-norm on the
Schatten ideal Lp. Let L(H) denote the Banach algebra of bounded operators on H.
Lemma 2.1 ([Si]) (i) Tr(AB) = Tr(BA), for A, B ∈ L(H) and AB, BA ∈ L1.
(ii) For A ∈ L1, we have |Tr(A)| ≤ ||A||1, ||A|| ≤ ||A||1.
(iii) For A ∈ Lq and B ∈ L(H), we have: ||AB||q ≤ ||B||||A||q , ||BA||q ≤ ||B||||A||q .
(iv) (Ho¨lder Inequality) If 1r =
1
p +
1
q , p, q, r > 0, A ∈ Lp, B ∈ Lq, then AB ∈ Lr
and ||AB||r ≤ ||A||p||B||q.
Let HX = D
2 + FX , where FX is a first order differential operator with degree
≥ 1 coefficients depending on X.
Lemma 2.2 For any 1 ≥ u > 0, t > 0, we have:
||e−utHX ||u−1 ≤ 2e
t
2 {1+[||(1+D2)− 12FX ||2e−1piut]
1
2 }e||(1+D2)−
1
2 FX ||2e−1piut(tr[e−
tD2
2 ])u.
(2.3)
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Proof. By the Duhamel principle, it is that
||e−utHX ||u−1 = ||
∑
m≥0
(−ut)m
∫
△m
e−v0utD
2
FXe
−v1utD2
·FX · · · e−vm−1utD2FXe−vmutD2dv||u−1 . (2.4)
Also ||(−ut)m ∫△m e−v0utD2FXe−v1utD2FX · · · e−vm−1utD2FXe−vmutD2dv||u−1 is contin-
uous and bounded by (2.7) in [Wa]. By the measure of the boundary of △m being
zero, we can estimate (2.4) in the interior of △m, that is vj > 0. It holds that
||e−
vj
2
utD2FX || ≤ (vjut)−
1
2 e−
1−vjut
2 ||(1 +D2)− 12FX ||, (2.5)
where we use that FX is a first order differential operator and the equality
sup{(1 + x) l2 e−utx2 } = (ut)− l2 e− l−ut2 . (2.6)
By the Ho¨lder inequality, (2.4) and (2.5), the conditions that 0 < u ≤ 1 and v0 +
· · · + vm−1 ≤ 1 , we have
||e−utHX ||u−1 ≤ e
t
2
∑
m≥0
e−
m
2 (ut)
m
2 ||(1 +D2)− 12FX ||m
∫
△m
v
− 1
2
0 · · · v
− 1
2
m−1dv(tr[e
− tD2
2 ])u.
(2.7)
It holds that (see line 7 in [BC, P.21])∫
△m
v
− 1
2
0 · · · v
− 1
2
m−1dv =
pi
m
2
m
2 Γ(
m+1
2 )
. (2.8)
By Γ(x+ 1) = xΓ(x), Γ(n) = (n− 1)! and Γ(12 ) =
√
pi, then Γ(m+12 ) = (
m−1
2 )! when
m is odd; Γ(m+12 ) =
(m−1)!!√pi
2
m
2
when m is even. By (2.8) and
limm→+∞
(2m− 1)!!
(2m)!!
= 0, (2.9)
we know that the series (2.7) is absolutely convergent. When m is odd, then
pi
m
2
m
2 Γ(
m+1
2 )
≤ 2pi
m
2
(m+12 )!
. (2.10)
When m is even, then
pi
m
2
m
2 Γ(
m+1
2 )
≤ 2pi
m
2
(m2 )!
. (2.11)
By (2.7), (2.8), (2.10) and (2.11), we have
||e−utHX ||u−1 ≤ 2e
t
2
[ ∑
m even
(||(1 +D2)− 12FX ||2e−1piut)m2
(m2 )!
4
+
∑
m odd
(||(1 +D2)− 12FX ||2e−1piut)m2
(m+12 )!
]
(tr[e−
tD2
2 ])u. (2.12)
Therefore, (2.3) can be obtained. ✷
By (2.2), (2.3) and the Ho¨lder inequality as well as Vol△2k =
1
(2k)! , for t = 1 and
σl ≤ 1, we get
|ch2k(D,X)(f0, · · · , f2k)| ≤ 1
(2k)!
||f0||(
2k∏
j=1
||df j||)
·[2e 12 (1 + (||(1 +D2)− 12FX ||2e−1pi)
1
2 )]2k+1e||(1+D
2)−
1
2 FX ||2e−1pi(tr[e−
D2
2 ]). (2.13)
Thus, ch2k(D,X) is well-defined. Recall that an even cochain {Φ2n} is called entire
if
∑
n ||Φ2n||n!zn is entire, where ||Φ|| := sup||fj ||1≤1{|Φ(f0, f1, · · · , f2k)|}. By (2.13),
then {ch2k(D,X)} is an entire cochain. Let p ∈ Mr(C∞(M)) and p = p2 = p∗ and
p(gx) = p(x). Define the Chern character of p by (see [GS])
ch(p) := Tr(p) +
∑
l
(−1)l (2l)!
2 · l!Tr(2p − 1, p, · · · , p)2l. (2.14)
By (2.13), 〈ch∗(D,X), ch(p)〉 is convergent. Similarly to Theorem A in [GS], we have
Proposition 2.3 (1) The infinitesimal equivariant Chern-Connes character is closed:
(B + b)(ch∗(D,X)) = 0. (2.15)
(2) Let Dτ = D + τV and D−X,τ = D−X + τV and V is a bounded operator which
commutes with e−X , then there exists a cochain ch∗(Dτ ,X, V ) such that
d
dτ
ch∗(Dτ ,X) = −(B + b)ch∗(Dτ ,X, V ). (2.16)
By the Serre-Swan theorem, we denote the vector bundle over M with the fibre
p(x)(Cr) at x ∈ M by Imp. Let DImp be the Dirac operator twisted by the bundle
Imp. By Proposition 2.3, (B + b)ch(p) = 0 and Proposition 8.11 in [BGV], we have
by taking V = (2p − 1)[D, p] that (see Section 3 in [GS])
Theorem 2.4 The following index formula holds
Inde−X (DImp,+) = 〈ch∗(D,X), ch(p)〉 . (2.17)
In Theorem 2.4, X is unnecessarily small.
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3 The computations of infinitesimal equivariant Chern-
Connes characters
In this section, we will compute infinitesimal equivariant Chern-Connes characters
by Theorem 2.12 in [Wa] and the Getzler symbol calculus in [Ge2] and [BF]. Recall
the Getzler symbol calculus in [Ge2] and [BF]. Let E be a vector bundle over the com-
pact manifold M and pi : T ∗M → M be the natural map and E0 = pi∗(Hom(E,E))
be the pull-back of the bundle pi∗(Hom(E,E)) to a bundle over T ∗M .
Definition 3.1 A section p ∈ E0 is called a symbol of order l if for every multi-index
α and β we have the estimates:
||∂αx ∂βξ p(x, ξ)|| ≤ Cαβ(1 + |ξ|)m−|β|. (3.1)
We denote by Σl(E) the symbols of order l.
By the representative theorem of the Clifford algebra Cl(T ∗M) ≃ Hom(S(TM))
and the isomorphism Cl(T ∗M) ≃ ∧(T ∗M), note a map σ defined by
σ : Hom(S(TM)⊗ E) ≃ HomE ⊗ Cl(T ∗M) ≃ HomE ⊗ ∧(T ∗M), (3.2)
and θ is the inverse of σ. Let L = pi∗(Hom(E) ⊗ ∧(T ∗M))⊗ C[g∗] and X ∈ g.
Definition 3.2 A section p ∈ L is called a s-symbol of order l if
p =
dimM∑
j=0
(
∑
|α|≥0
pj,αX
α)⊗ ωj , (3.3)
where ωj ∈ Ωj(M), pj,α ∈ Σl−j−2|α|(E) and
∑
|α|≥0 ||pj,α(x, ξ)|||Xα| is convergent.
We denote the collection of s-symbol of order l by SΣl(E,X).
Let x0 be a fixed point inM and Tx0M be the tangent space and exp be the expo-
nential map respectively. Let h be a function that is identically one in a neighborhood
of the diagonal of M ×M such that the exponential map is a diffeomorphism on the
support of h. Let (x0, x) ∈ supp(h). Let τ(x0, x) : (S(TM)⊗E)x0 → (S(TM)⊗E)x
be parallel translation about ∇S(TM)⊗E along the unique geodesic from x0 to x. If
s ∈ Γ(S(TM)⊗ E), then we define
ŝx0(x) = h(x0, x)τ(x, x0)s(x). (3.4)
We write ŝx0(Y ) instead of ŝx0(expx0Y ).
Let θX be the one-form associated with XM which is defined by θX(Y ) = g(X,Y )
for the vector field Y . Let ∇S,X be the Clifford connection ∇S − 14θX on the spinors
bundle and △X be the Laplacian on S(TM) associated with ∇S,X . Let µ(X)(·) =
6
∇TM· XM . Let U = {x ∈ Tx0M |||x|| < ε}, where ε is smaller than the injectivity
radius of the manifold M at x0. Define α : U × g→ C via the formula
αX(x) := −1
4
∫ 1
0
(ι(R)θX )(tx)t−1dt, ρ(X,x) = eαX (x), (3.5)
where R = ∑ni=1 xi ∂∂xi . Then ρ(X, 0) = 1. Recall ([BGV Lemma 8.13]) that the
following identity holds
HX = −gij(x)(∇X∂i∇X∂j −
∑
k
Γkij∇X∂k) +
1
4
rM , (3.6)
where rM is the scalar curvature and Γ
k
ij is the connection coefficient of ∇L.
Let τX(x0, x) : (S(TM) ⊗ E)x0 → (S(TM) ⊗ E)x be parallel translation about
∇S⊗E,X along the unique geodesic from x0 to x. If s ∈ Γ(S(TM)⊗E), then we define
ŝXx0(x) = h(x0, x)τ
X (x, x0)s(x). (3.7)
Then
ŝXx0(x) = ρŝx0(x). (3.8)
where ρ = ρ(X,x) is defined by (3.5).
Definition 3.3 Let p ∈ SΣ(E,X) and s ∈ Γ(S(TM)⊗ E), then we define
θ(p)(s)(x0) =
∫
Tx0M×T ∗x0M
e−
√−1〈Y,ξ〉θ(p)(x0, ξ,X)ŝXx0(Y )dY dξ. (3.9)
Remark. The operator θ(p) is well-defined since
∑
|α|≥0 ||pj,α(x, ξ)|||Xα| and e|αX(x)|
are convergent. The operator θ(p) depends on the choice of the cut off function h,
but the result does not depend on the cut off function for computations of infinitesi-
mal equivariant Chern-Connes characters. We denote by Op(E,X) all such operators
with smoothing operators.
Definition 3.4 Given s ∈ Γ(S(TM) ⊗ E), define sXx0(x) = h(x0, x)τX(x0, x)s(x0)
and sx0(x) = h(x0, x)τ(x0, x)s(x0), then s
X
x0(x) = ρ
−1sx0(x). Let P ∈ Op(E,X) and
s ∈ Γ(S(TM)⊗ E). Define σ(P ) ∈ End(E)x0 ⊗ Ω(M)⊗ C[g∗] by
σ(P )(x0, ξ,X) = σPy(e
√−1〈exp−1x0 (y),ξ〉sXx0(y))|y=x0 . (3.10)
Lemma 3.5 Let P =
∑
α PαX
α ∈ Op(E,X). If ∑α ||Pα||1|Xα| is convergent, then
σ(P ) is convergent.
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Proof. Since
∑
α ||Pα||1|Xα| and e|αX(x)| are convergent, this comes from the defini-
tion 3.4 and |e
√−1〈exp−1x0 (y),ξ〉| = 1 and |h(x0, x)| ≤ 1 and τ(x0, x) being an isometry. ✷
Lemma 3.6 Let Y =
∑
ci∂i, Z =
∑
dj∂j with ci, dj ∈ R. we have
σ(∇XY )(x, ξ) =
√−1 〈Y, ξ〉x , (3.11)
σ(∇XY ∇XZ )(x, ξ) = −〈Y, ξ〉 〈Z, ξ〉+
1
4
〈
RL(Y,Z)∂k, ∂l
〉
fk∧f l+ 1
4
〈
µX(Y ), Z
〉
, (3.12)
where fk is the dual base of ∂k.
Proof. By the definition 3.4, We have
σ(∇XY )(x0, ξ) = σ[∇XY (e
√−1〈exp−1x0 (y),ξ〉ρ−1sx0(y))]|y=x0 . (3.13)
By
(d− 1
4
θX)∂j (ρ
−1)|x=x0 = 0; ∇Y (sx0(x))|x=x0 = 0, (3.14)
similarly to the computations of Example 1 in [BF], we get (3.11). We know that
ρ∇XY ∇XZ ρ−1 = ρ∇XY ρ−1ρ∇XZ ρ−1. By the appendix II in [ABP], we have
∇Y∇Zsx0(y)|y=x0 =
1
4
〈
RL(Y,Z)∂k, ∂l
〉
fk ∧ f ls(x0). (3.15)
In the trivialization of S(TM), the conjugate ρ(X,x)(∇S,X∂i )ρ(X,x)−1 is given by
Lemma 8.13 in [BGV] which is
ρ(X,x)(∇S,X∂i )ρ(X,x)−1 = ∂i +
1
4
∑
j,a<b
〈R(∂i, ∂j)ea, eb〉 c(ea)c(eb)xj − 1
4
µMij (X)x
j
+
∑
j<k
fijk(x)c(ej)c(ek) + gi(x) + 〈hi(x),X〉 , (3.16)
where fijk(x) = O(|x|2), gi(x) = O(|x|), and hi(x) = O(|x|2). By (3.15) and (3.16),
similarly to the computations of Example 2 in [BF], we have (3.12). ✷
Proposition 3.7 The following equality holds
σ(HX) = |ξ|2 + 1
4
rM . (3.17)
The operator t2HX is an asymptotic pseudodifferential operator (see Definition 3.5
in [BF]).
Proof. By Lemma 3.6 and (3.6) and gij(x0) = δ
ij , Γkij(x0) = 0 and R
L(Y, Y ) =〈
µX(Y ), Y
〉
= 0, we get Proposition 3.7. ✷
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Definition 3.8 If p(x, ξ,X) ∈ SΣ(E,X), then
pt(x, ξ,X) =
dimM∑
j=0
(
∑
|α|≥0
pj,α(x, tξ)t
2|α|Xα)⊗ ωjtj, (3.18)
Let ψt : X → Xt be the rescaling operator on the Lie algebra.
Theorem 3.9 For P =
∑
PαX
α ∈ OP (SΣ−∞(E,X)) and t > 0, then
ψ2tTrs(P ) = (2pi)
−n(
2√−1)
n
2
∫
M
∫
T ∗x0M
Trsσ(P ) 1
t
(x0, ξ)dξdx. (3.19)
If P = Pt and Pt is an asymptotic pseudodifferential operator and σ(Pt)(x, ξ) tends
to zero when |ξ| tends to infinity , then
ψ2tTrs(Pt) = b0 +O(t), (3.20)
where b0 is a constant.
Proof. By Theorem 3.7 in [Ge2], we have for any s > 0 that
Trs(Pα) = (2pi)
−n(
2√−1)
n
2
∫
M
∫
T ∗x0M
TrsσG(Pα)s(x0, ξ)dξdx, (3.21)
where
σG(P )(x0, ξ,X) = σPy(e
√−1〈exp−1x0 (y),ξ〉sx0(y))|y=x0 . (3.22)
Since σ(Pt)(x, ξ) tends to zero when |ξ| tends to infinity, by using the equality which
will be proved in the following lemma 3.11∫
T ∗x0M
TrsσG(P )s(x0, ξ)dξdx =
∫
T ∗x0M
TrsσG(ρPρ
−1)s(x0, ξ)dξdx, (3.23)
we have for ρ(x0) = 1 that∫
T ∗x0M
TrsσG(Pα)s(x0, ξ)dξ =
∫
T ∗x0M
TrsσG(Pαρ
−1)s(x0, ξ)dξ
=
∫
T ∗x0M
Trsσ(Pα)s(x0, ξ)dξ. (3.24)
So
Trs(PαX
α) = (2pi)−n(
2√−1)
n
2
∫
M
∫
T ∗x0M
Trsσ(Pα
Xα
s2|α|
)s(x0, ξ)dξdx. (3.25)
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Let s = 1t , then
Trs(PαX
α) = (2pi)−n(
2√−1)
n
2
∫
M
∫
T ∗x0M
Trsσ(PαX
αt2|α|) 1
t
(x0, ξ)dξdx. (3.26)
So
ψ2tTrs(PαX
α) = (2pi)−n(
2√−1)
n
2
∫
M
∫
T ∗x0M
Trsσ(PαX
α) 1
t
(x0, ξ)dξdx. (3.27)
By taking the sum
∑
α, we get (3.19). By Definitions 3.8 and Definition 3.5 in [BF],
for the asymptotic pseudodifferential operator Pt, we have
σ(Pt) =
+∞∑
l=0
tlpl(x, ξ,X)t, (3.28)
so
σ(Pt) 1
t
=
+∞∑
l=0
tlpl(x, ξ,X), (3.29)
By (3.19) and (3.29), we get (3.20). ✷
Let µM be the Riemannian moment of X defined by µM (X)Y = −∇YXM . Let
FMg (X) = µ
M + R be the equivariant Riemannian curvature of M . The equivariant
Â-genus of the tangent bundle of M is defined byÂ(FMg (X)) = det
(
FM
g
(X)/2
sinh(FMg (X)/2)
) 1
2
.
Theorem 3.10 When 2k ≤ dimM and X is small which means that ||XM || is suffi-
ciently small, then for f j ∈ C∞G (M),
limt→0ψtch2k(
√
tD,X)(f0, · · · , f2k)
=
1
(2k)!
(2pi
√−1)−n/2
∫
M
f0 ∧ df1 ∧ · · · ∧ df2kÂ(FMg (X))dVolM . (3.30)
Proof. In Theorem 3.9, let Pt = t
2kf0e−σ0t
2HX c(df1) · · · c(df2k)e−σ2kt2HX , then by
Proposition 3.7, similarly to Lemma 3.13 in [BF], we have Pt is an asymptotic pseu-
dodifferential operator. By (3.20) and taking the J-jet, we have
limt→0ψ2tTrs(Pt)J = b0,J . (3.31)
By Theorem 2.12 in [Wa], we have
limt→0ψ2tTrs(Pt)J =
1
(2k)!
(2pi
√−1)−n/2
∫
M
f0 ∧ df1 ∧ · · · ∧ df2kÂ(FMg (X))JdVolM .
(3.32)
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By (3.31) and (3.32) and when J goes to infinity, we obtain
b0 =
1
(2k)!
(2pi
√−1)−n/2
∫
M
f0 ∧ df1 ∧ · · · ∧ df2kÂ(FMg (X))dVolM . (3.33)
By (3.20) and (3.33), when t goes to zero, we get (3.30). ✷
Lemma 3.11 The equality (3.23) holds.
Proof. Considering the equalities (70) and (71) in [Pf] (Note that these formulas
hold for any pseudodifferential operators defined by (3.22) and not only for asymptotic
pseudodifferential operators), let N = 0, then
σG(Pρ
−1)(x, ξ) = σG(P )(x, ξ)ρ−1 + r0(ξ). (3.34)
where r0(ξ) is defined by
r0(ξ) =
√−1
(2pi)n
n∑
j=1
∫
T ∗x0M(y)
∫ 1
0
∂
∂yj
a(ξ + sy)ds · yj[F(fψ)](y)dy, (3.35)
and the Fourier transform F and fψ are defined by (7) and (8) in [Pf] respectively,
a is the symbol of P . By (0.2) in [Ge2], we have the leading symbol of e−t2D2 is
e−t2|ξ|2. As in (2.4), using the Duhamel principle, we expanse the operator Pt and
the leading symbol of Pt is the product of e
−t2|ξ|2 and a polynomial on ξ. Without
loss of generality, we assume a = e−|ξ|2 . The following two well-known theorems are
necessary:
I. Let f(x, y) be continues on the domain x ≥ a, y ≥ b and ∫ +∞b f(x, y)dy be uniformly
convergent about x on any finite interval included in [a,+∞] and ∫ +∞a f(x, y)dx be
uniformly convergent about y on any finite interval included in [b,+∞]. We assume
that the integral
∫ +∞
b [
∫ +∞
a |f(x, y)|dx]dy or
∫ +∞
a [
∫ +∞
b |f(x, y)|dy]dx exists, then∫ +∞
a
[
∫ +∞
b
f(x, y)dy]dx =
∫ +∞
b
[
∫ +∞
a
f(x, y)dx]dy = finite number. (3.36)
II. There exists β > 0, such that |f(x, y)| ≤ F (x) for any x > β and y ∈ I and that∫ +∞
a F (x)dx exists, then
∫ +∞
a f(x, y)dx is uniformly convergent.
By (3.35), we consider∫
T ∗x0M(ξ)
r0(ξ)dξ =
√−1
(2pi)n
n∑
j=1
∫
T ∗x0M(ξ)
∫
T ∗x0M(y)
∫ 1
0
∂a
∂ξj
|ξ+sysds · yj[F(fψ)](y)dydξ.
(3.37)
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Since the Schwartz function [F(fψ)](y) is integral on T ∗x0M(y), we take some estimates
on the right hand side of (3.37) in the polar coordinates of T ∗x0M(ξ) and T
∗
x0M(y)
and then we can verify that the right hand side of (3.37) satisfies the conditions of
Theorem I. Using
∫
T ∗x0M(ξ)
∂
∂ξj
[e−|ξ|2ξβ]dξ = 0 and (3.37), we get
∫
T ∗x0M
r0(ξ) = 0.
Therefore we get (3.23). ✷
Let
Ch(Im(p)) =
∞∑
k=0
(− 1
2pi
√−1)
k 1
k!
Tr[p(dp)2k]. (3.38)
We have
Corollary 3.12 When X is small, then
Inde−X (DImp,+) = (2pi
√−1)−n/2
∫
M
Â(FMg (X))Ch(Imp). (3.39)
Proof. Using the same discussions as those in [GS], we have the homotopy property
of ch∗(D,X) for tD−X . So by (2.17), we have
Inde−X (DImp,+) = 〈ch∗(tD−X), ch(p)〉 , (3.40)
where
ch2k(tD−X)(f0, · · · , f2k) := t2k
∫
△2k
Str
[
e−LXf0e−σ0t
2(D+ 1
4
c(X))2c(df1)
·e−σ1t2(D+ 14 c(X))2 · · · c(df2k)e−σ2kt2(D+ 14 c(X))2
]
dVol∆2k , (3.41)
In (3.40), let e−X = e−t2X and use (ψt)2 acting on (3.40), then we get
Inde−X (DImp,+) =
〈
c˜h
∗
(tD,X), ch(p)
〉
, (3.42)
where
c˜h
2k
(tD,X)(f0, · · · , f2k) := t2k
∫
△2k
Str
[
f0e
−σ0t2HX
t2 c(df1)
· · · c(df2k)e
−σ2kt2HX
t2
]
dVol∆2k . (3.43)
Since Inde−X (DImp,+) is independent of t, taking the limit as t→ 0 in (3.42), we get
by Theorem 3.10 that
Inde−X (DImp,+) = (2pi
√−1)−n/2
∫
M
Â(FMg (X))Ch(Imp)dVolM . (3.44)
✷
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4 The infinitesimal equivariant eta cochains
In this Section, we prove the limit of truncated infinitesimal equivariant eta cochains
exists when J goes to infinity. By the Duhamel principle and (2.5), we have
||D−Xe−utHX ||u−1
≤
∑
m≥0
(ut)m
∫
△m
||D−X(1 +D2)−
1
2 ||||(1 +D2) 12 e−σ02 utD2 ||||e−σ02 utD2 ||(uσ0)−1
·||FX(1 +D2)−
1
2 ||||(1 +D2) 12 e−σ12 utD2 ||||e−σ12 utD2 ||(uσ1)−1
· · · ||FX(1 +D2)−
1
2 ||||(1 +D2) 12 e−σm2 utD2 ||||e−σm2 utD2 ||(uσm)−1dσ
≤ ||D−X(1 +D2)−
1
2 ||(eut)− 12
∑
m≥0
(e−1ut||FX(1 +D2)−
1
2 ||2)m2
·eut2 (tre− t2D2)u
∫
△m
σ
− 1
2
0 · · · σ
− 1
2
m dσ
≤ ||D−X(1 +D2)−
1
2 ||(ut)− 12 2eut2 {1 + [||FX (1 +D2)−
1
2 ||2e−1piut] 12}
e||FX(1+D
2)−
1
2 ||2piut(tre−
t
2
D2)u, (4.1)
where ∫
△m
σ
− 1
2
0 · · · σ
− 1
2
m dσ =
pi
m+1
2
Γ(m2 + 1)
, (4.2)
and
pi
m+1
2
Γ(m2 + 1)
=
pi
m+1
2
(m2 )!
, when m is even, (4.3)
pi
m+1
2
Γ(m2 + 1)
≤ 2pi
m
2
(m−12 )!
, when m is odd. (4.4)
Now let M be a compact oriented odd dimensional Riemannian manifold with-
out boundary with a fixed spin structure and S be the bundle of spinors on M .
The fundamental setup consists with that on page 2. Let Kt =
√
t(D + c(X)4t ), then
dKt
dt =
1
2
√
t
DX
t
. For a0, · · · , a2k ∈ C∞G (M), we define the infinitesimal equivariant
cochain ch2kX (Kt,
dKt
dt ) by the formula:
ch2kX (Kt,
dKt
dt
)(a0, · · · , a2k)
=
2k∑
j=0
(−1)j〈a0, [Kt, a1], · · · , [Kt, aj ], dKt
dt
, [Kt, aj+1], · · · , [Kt, a2k]〉t(X). (4.5)
If Aj (0 ≤ j ≤ q) are operators on Γ(M,S(TM)), we define
〈A0, · · · , Aq〉t(X) =
∫
△q
tr[e−LXA0e−σ0K
2
tA1e
−σ1K2t · · ·Aqe−σqK2t ]dσ, (4.6)
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where △q = {(σ0, · · · , σq)|σ0 + · · · + σq = 1, σj ≥ 0} is a simplex in Rq and LX is
the Lie derivative generated by X on the spinors bundle.
Formally, the infinitesimal equivariant eta cochain for the odd dimensional
manifold is defined to be an even cochain sequence by the formula:
η2kX (D) =
1√
pi
∫ ∞
0
ch2kX (Kt,
dKt
dt
)dt, (4.7)
Then η0X(D)(1) is the half of the infinitesimal equivariant eta invariant defined by
Goette in [Go]. In order to prove that the above expression is well defined, it is
necessary to check the integrality near the two ends of the integration. Firstly, the
regularity at infinity comes from the following lemma.
Lemma 4.1 For a0, · · · , a2k ∈ C∞G (M), we have
ch2kX (Kt,
dKt
dt
)(a0, · · · , a2k) = O(t−
3
2 ), as t→∞. (4.8)
Proof. Let L0 be a fixed large number. Then
1
Γ( 1
2
)
∫ L0
ε ch
2k
X (Kt,
dKt
dt )(a0, · · · , a2k)dt
is well-defined by Lemma 2.2 and (4.1). Similarly to Lemma 2.2 and (4.1), we know
that Lemma 3.5 in [Wa] holds when J goes to infinity. So 1
Γ( 1
2
)
∫∞
L0
ch2kX (Kt,
dKt
dt )dt is
well-defined and Lemma 4.1 holds. ✷
Next, we prove the regularity at zero. Let F∗ = D2−X and F̂∗ = HX − dtDX
where dt is an auxiliary Grassmann variable as shown in [BiF]. Then tψtF̂∗ = tHX
t
−
2t
3
2dtdKtdt . Let
ch2k(F̂∗)(a0, · · · , a2k) = tk
∫
△2k
ψttr[a0e
−tσ0F̂∗ [D, a1] · · · [D, a2k]e−tσ2k F̂∗]dσ, (4.9)
ch2k(F∗)(a0, · · · , a2k) = tk
∫
△2k
ψttr[a0e
−tσ0HX [D, a1] · · · [D, a2k]e−tσ2kHX ]dσ. (4.10)
By the Duhamel principle and dt2 = 0, we have
e−tσjψtF̂∗ = e−tσjψtHX +
∫ 1
0
e−(1−a)tσjψtHX (2t
3
2 dt
dKt
dt
)e−atσjψtHXd(σja)
= e−tσjψtHX + 2t
3
2 dt
∫ σj
0
e−(σj−ξ)tψtHX
dKt
dt
e−tξψtHXdξ (4.11)
By (4.5) and (4.9)-(4.11) and dt2 = 0, we get
ch2k(F̂∗)(a0, · · · , a2k) = ch2k(F∗)(a0, · · · , a2k)− 2t
3
2 ch2kX (Kt,
dKt
dt
)(a0, · · · , a2k)dt.
(4.12)
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Lemma 4.2 The following estimate holds
ch2kX (Kt,
dKt
dt
) ∼ O(1) when t→ 0. (4.13)
Proof. By (4.12), we only need to prove
ch2k(F̂∗)(a0, · · · , a2k)− ch2k(F∗)(a0, · · · , a2k) = O(t
3
2 )dt. (4.14)
Let
Q
F̂∗
= a0(F̂∗ + ∂t)−1c(da1) · · · c(da2q)(F̂∗ + ∂t)−1, (4.15)
QF∗ = a0(F∗ + ∂t)
−1c(da1) · · · c(da2q)(F∗ + ∂t)−1. (4.16)
By using Lemma 8.4 in [PW], we have
tqψt[a0e
−tσ0F̂∗ [D, a1] · · · [D, a2q]e−tσ2q F̂∗ ](x, y) = t−qψtKQ
F̂∗
(x, y, t); (4.17)
tqψt[a0e
−tσ0HX [D, a1] · · · [D, a2q]e−tσ2qHX ](x, y) = t−qψtKQF∗ (x, y, t). (4.18)
So we only need to prove
t−qψttr
[
KQ
F̂∗
(x, x, t)−KQF∗ (x, x, t)
]
= O(t
3
2 )dt. (4.19)
By the trace property, we have
t−qψttr
[
KQ
F̂∗
(x, x, t)−KQF∗ (x, x, t)
]
= t−qψttr
[
KQ
hρF̂∗(hρ)−1
(x, x, t) −KQ
ρHXρ
−1 (x, x, t)
]
. (4.20)
By (3.15), (3.18) and (3.24) in [Wa] and dt2 = 0 where we use dt instead of z in [Wa],
we have
t−qψt
[
Q
hρF̂∗(hρ)−1
−QρHXρ−1
]
= −t−qdtψt
[
a0(∂t + ρHXρ
−1)−1u(∂t + ρHXρ−1)−1
·c(da1) · · · c(da2q)(∂t + ρHXρ−1)−1
+ · · ·+ a0(∂t + ρHXρ−1)−1 · · · c(da2q)
·(∂t + ρHXρ−1)−1u(∂t + ρHXρ−1)−1
]
. (4.21)
By OG(u) ≤ 0 and OG((∂t + ρHXρ−1)−1) = −2, we have
OG
[
(∂t + ρHXρ
−1)−1u(∂t + ρHXρ−1)−1
·c(da1) · · · c(da2q)(∂t + ρHXρ−1)−1
]
= −2q − 4, (4.22)
which has odd Clifford elements. When we drop off the truncated order J in Lemma
2.9 in [Wa] and consider the convergent series on X as in the definition 3.2, we know
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that Lemma 2.9 in [Wa] holds for our operator in (4.22). By (4.20)-(4.22) and Lemma
2.9 1) in [Wa] for j = n and m = −2q − 4, we get (4.19). ✷
Remark. Similarly to Proposition 1.2 in [Wu], We use the symbol calculus about
the connection ∇X in Section 3 instead of the Getzler symbol calculus in Proposition
1.2 in [Wu], then we can give another proof of Lemma 4.2.
Again Proposition 3.8 in [Wa] holds, we have
Proposition 4.3 Assume that D is invertible with λ being the smallest positive eigen-
value of |D| and ||dp|| < λ, then the pairing 〈η∗X(D), ch∗(p)〉 is well-defined.
We also have the following theorem.
Theorem 4.4 Assume D is invertible and ||dp|| < λ where λ is the smallest eigen-
value of |D|, then we have
1
2
ηX(p(D ⊗ Ir)p) = 〈η∗X(D), ch∗(p)〉, (4.23)
where ηX(p(D ⊗ Ir)p) is the Goette’s infinitesimal equivariant eta invariant.
Proof. We still use the same notations and discussions after Proposition 3.8 in [Wa].
The difference is that we add ψt in the definition of A. That is, let A = d(u,s,t)+ψtD˜−X
be a superconnection on the trivial infinite dimensional superbundle with the base
[0, 1] ×R× (0,+∞) and the fibre H ⊗Cr ⊕H ⊗Cr. Then we have
A2 = tψtD
2
−X,u−s2/4−(1−u)t
1
2 sσ[D, p]+dsσ(p−1
2
)+t
1
2 du(2p−1)[D, p]+ dt
2t
1
2
ψtDX,u.
(4.24)
Since we prove the regularity at zero, we can take ε = 0 in (3.41)-(3.45) in [Wa]. By
the following lemma, Theorem 4.4 can be proved. ✷
Lemma 4.5 Let Du = D + u(2p − 1)[D, p] for u ∈ [0, 1]. We assume that D be
invertible and ||dp|| < λ, then we have ηX(D0) = η(D1).
Proof. By ||dp|| < λ, then Du = D + u(2p − 1)[D, p] is invertible for u ∈ [0, 1].
Similar to the discussions of Proposition 4.4 in [Wu], the infinitesimal equivariant eta
invariant of Du is well defined. So ηX(Du) is smooth. Let A = (2p − 1)dp. Then by
the definition of the infinitesimal equivariant eta invariant and the Duhamel principle,
we have
d
du
ηX(Du) =
1√
pi
∫ +∞
0
tr[e−XAe
−tD2
−
X
t ,u ]d
√
t+ L, (4.25)
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where
L = − t
1
2
2
√
pi
∫ +∞
0
∫ 1
0
tr
{
e−XDX
t
,ue
−(1−s)tD2
−
X
t ,u [D−X
t
,u, A]+e
−stD2
−
X
t ,uds
}
dt.
(4.26)
By the trace property and direct computations, then
∂
∂t
(
√
tDu +
c(X)
4
√
t
)2 =
1
2
[Du +
c(X)
4t
,Du − c(X)
4t
]+, (4.27)
∫ 1
0
tr
{
Ae
−(1−s)tD2
−
X
t ,u [D−X
t
,u,DX
t
,u]+e
−stD2
−
X
t ,u
}
ds
=
∫ 1
0
tr
{
DX
t
,ue
−(1−s)tD2
−
X
t ,u [D−X
t
,u, A]+e
−stD2
−
X
t ,u
}
ds. (4.28)
By using the Duhamel principle and the Leibniz rule and (4.26)-(4.28), we get
∂
∂u
ψttr[DX,ue
−t(D2
−X,u
+LX)]d
√
t =
∂
∂t
tr[t
1
2 e−XAe
−tD2
−
X
t ,u ]dt. (4.29)
So
d
du
ηX(Du) =
1√
pi
tr[t
1
2 e−XAe
−tD2
−
X
t ,u ]
∣∣+∞
t=0 . (4.30)
As Du is invertible, then
limt→+∞tr[t
1
2 e−XAe
−tD2
−
X
t ,u ] = 0. (4.31)
Using Lemma 2.9 in [Wa] for j = n and m = −1, similar to the discussions on Line
14 in [Wu, P.164], we have
limt→0tr[t
1
2 e−XAe
−tD2
−
X
t ,u ]
= c0
∫
M
Â(FMg (X))tr
{
(2p− 1)(dp)exp[
√−1
2pi
(A′ ∧A′ + dA′)]
}
= 0, (4.32)
where A′ = u(2p − 1)dp. Then by (4.30)-(4.32), Lemma 4.5 is proved. ✷
Let N be an even-dimensional compact manifold with the boundary M . We en-
dow N with a metric which is a product in a collar neighborhood of M . Denote by
D (DM ) the Dirac operator on N (M). Let C
∞∗ (N) = {f ∈ C∞(N)|f is independent
of the normal coordinate xn near the boundary }.
Definition 4.6 The infinitesimal equivariant Chern-Connes character on N , τX =
{τ0X , τ2X , · · · , τ2qX · · ·} is defined by
τ2qX (f
0, f1, ·, f2q) := −η2qX (DM )(f0|M , f1|M , ·, f2q|M )
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+
1
(2q)!(2pi
√−1)q
∫
M
Â(FMg (X))f
0df1 ∧ · · · ∧ df2q, (4.33)
where f0, f1, ·, f2q ∈ C∞∗ (N).
Similarly to Proposition 4.2 in [Wa1], we have
Proposition 4.7 The infinitesimal equivariant Chern-Connes character is b − B
closed (for the definitions of b, B, see [FGV]). That is, we have
bτ2q−2X +Bτ
2q
X = 0. (4.34)
By Proposition 4.3, we have
Proposition 4.8 Suppose that DM is invertible with λ being the smallest positive
eigenvalue of |DM |. We assume that ||d(p|M )|| < λ, then the pairing 〈τ∗X , ch∗(p)〉 is
well-defined.
We let C1(M) =M×(0, 1], N˜ = N∪M×{1}C1(M) and U be a collar neighborhood
of M in N . For ε > 0, we take a metric gε of N˜ such that on U ∪M×{1} C1(M)
gε =
dr2
ε
+ r2gM .
Let S = S+ ⊕ S− be spinors bundle associated to (N˜ , gε) and H∞ be the set {ξ ∈
Γ(N˜ , S)| ξ and its derivatives are zero near the vertex of cone }. Denote by L2c(N˜ , S)
the L2−completion of H∞ (similarly define L2c(N˜ , S+) and L2c(N˜ , S−)). Let
Dε : H
∞ → H∞; D+,ε : H∞+ → H∞− ,
be the Dirac operators associated with (N˜ , gε) which are Fredholm operators for
the sufficiently small ε. By ||d(p|M )|| < λ, then pDMp is invertible. Recall the
Goette’s infinitesimal equivariant index theorem for the twisting bundle Imp with the
connection pd in [Go] that
Inde−X (pD+,εp) =
∞∑
r=0
(−1)r
r!(2pi
√−1)r
∫
N
Â(FNg (X))Tr[p(dp)
2r]− 1
2
ηX(pDMp). (4.35)
By the Stokes theorem and the trace property and p(dp)2 = (dp)2p, we have∫
M
Â(FMg (X))tr[pM (dMpM )
2k−1] = 0. (4.36)
By LX(p) = ιXd(p) = 0, then ιX [p(dp)
2k−1] = 0. By the Stokes theorem and (4.36),
we get ∫
N
Â(FNg (X))tr[(dNpN )
2k] =
∫
N
(d+ ιX)
[
Â(FNg (X))tr[p(dNpN )
2k−1]
]
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=∫
M
Â(FMg (X))tr[pM (dMpM )
2k−1] = 0. (4.37)
By Theorem 4.4 and Definition 4.6 and (2.14) and (4.37), we get
Theorem 4.9 Suppose that DM is invertible with λ being the smallest positive eigen-
value of |DM |. We assume that ||d(p|M )|| < λ and p ∈Mr×r(C∞∗ (N)), then
Inde−X (pD+,εp) = 〈τ∗X(D), ch∗(p)〉. (4.38)
5 The infinitesimal equivariant Chern-Connes character
for a family of Dirac operators
In this Section, we extend Sections 2, 3 to the family case. Let us recall the
definition of the equivariant family Bismut Laplacian. Let M be a n+ q dimensional
compact connected manifold and B0 be a q dimensional compact connected manifold.
Assume that pi : M → B0 is a fibration and M and B0 are oriented. Taking the
orthogonal bundle of the vertical bundle TZ in TM with respect to any Riemannian
metric, determines a smooth horizontal subbundle THM , i.e. TM = THM ⊕ TZ.
Recall that B0 is Riemannian, so we can lift the Euclidean scalar product gB0 of
TB0 to T
HM . And we assume that TZ is endowed with a scalar product gZ . Thus
we can introduce a new scalar product gB0 ⊕ gZ in TM . Denote by ∇L the Levi-
Civita connection on TM with respect to this metric. Let ∇B0 denote the Levi-Civita
connection on TB0 and still denote by ∇B0 the pullback connection on THM . Let
∇Z = PZ(∇L), where PZ denotes the projection to TZ. Let ∇⊕ = ∇B0 ⊕ ∇Z and
ω = ∇L − ∇⊕ and T be the torsion tensor of ∇⊕. Now we assume that the bundle
TZ is spin. Let S(TZ) be the associated spinors bundle and ∇Z can be lifted to give
a connection on S(TZ). Let D be the tangent Dirac operator.
Let G be a compact Lie group which acts fiberwise on M . We will consider that
G acts as identity on B0. We assume that the action of G lifts to S(TZ) and the
G-action commutes with D. Let E be the vector bundle pi∗(∧T ∗B0) ⊗ S(TZ). This
bundle carries a natural action m0 of the degenerate Clifford module Cl0(M). Define
the connection for X ∈ g whose Killing vector field is in TZ,
∇E,−X,⊕ := pi∗∇B0 ⊗ 1 + 1⊗∇S,−X , (5.1)
ω(Y )(U, V ) := g(∇LY U, V )− g(∇⊕Y U, V ), (5.2)
∇E,−X,0Y := ∇E,−X,⊕Y +
1
2
m0(ω(Y )), (5.3)
for Y,U, V ∈ TM . Then the equivariant Bismut superconnection acting on Γ(M,pi∗∧
(T ∗B0)⊗ S(TZ)) is defined by
B−X =
n∑
i=1
c(e∗i )∇E,−X,0ei +
q∑
j=1
f∗j ∧ ∇E,−X,0fj ; B−X = B +
1
4
c(X). (5.4)
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where e1, · · · , en and f1, · · · , fq are orthonormal basis of TZ and TB0 respectively,
and B is the Bismut superconnection defined by
∇E,⊕ := pi∗∇B0 ⊗ 1 + 1⊗∇S ; (5.5)
∇E,0Y := ∇E,⊕Y +
1
2
m0(ω(Y )); (5.6)
B =
n∑
i=1
c(e∗i )∇E,0ei +
q∑
j=1
c(f∗j )∇E,0fj . (5.7)
Define the equivariant family Bismut Laplacain as follows:
HB,X = (B
−X)2 + LEX , (5.8)
where LEX is the Lie derivative induced by X on the bundle E. Then
HB,X = D
2 + F+ + F˜+, (5.9)
where D2−X = D
2 + F+ and F˜+ = HB,X −D2−X is a first order differential operator
along the fibre with coefficients in Ω≥1(B0).
Definition 5.1 The infinitesimal equivariant family JLO cochain ch2k(B,X) can be
defined by the formula for f0, · · · , f2k in C∞G (M):
ch2k(B,X)(f0, · · · , f2k) :=
∫
△2k
Str
[
f0e−σ0HB,X c(df1)e−σ1HB,X
· · · c(df2k)e−σ2kHB,X
]
dVol∆2k , (5.10)
where Str is taking the trace along the fibre.
Similarly to Section 2, we can prove that (5.10) is well-defined and 〈ch∗(B,X), chp〉
is convergent by the following lemma.
Lemma 5.2 For any 1 ≥ u > 0, we have:
||e−uHB,X ||u−1 ≤ C0e||FX(1+D
2)−
1
2 ||piu(tr[e−
D2
2 ])u, (5.11)
where the constant C0 is independent of u.
Proof. By (5.10) and the Duhamel principle, we have
e−uHB,X = e−uHX +
dimB0∑
r>0
Ir, (5.12)
where
Ir =
∫
△r
e−s0uHX F˜+e−s1uHX · · · F˜+e−sruHXds. (5.13)
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In (4.1), we use F˜+ and su instead of D−X and u respectively and let t = 1, then we
have
||F˜+e−suHX ||(su)−1 ≤ 2(su)−
1
2 ||F˜+(1 +D2)−
1
2 ||e su2
·{1 + [||FX(1 +D2)−
1
2 ||2e−1pisu] 12}e||FX(1+D2)−
1
2 ||2pisu(tre−
1
2
D2)su. (5.14)
By Lemma 2.2 and (5.12)-(5.14) and the Ho¨lder inequality, we get Lemma 5.2. ✷
Similarly to Propositions 4.11 and 4.12 in [BC], we have
Proposition 5.3 (1) The infinitesimal equivariant family Chern-Connes character
is closed:
(B + b+ dB0)(ch
∗(B,X)) = 0. (5.15)
(2) Let Bτ = B
−X + τV and V is a bounded operator which commutes with e−X ,
then there exists a cochain ch∗(Bτ ,X, V ) such that
d
dτ
ch∗(Bτ ,X) = −[b+B + dB0 ]ch∗(Bτ ,X, V ). (5.16)
By taking V = (2p − 1)[B, p], we get
Theorem 5.4 The following index formula holds in the cohomology of B0
Che−X [Ind(DImp,+,z)] = 〈ch∗(B,X), ch(p)〉 . (5.17)
Let φt be the rescaling operator on Ω(B0) defined by dyj → dyj√t for t > 0. By the
method in Section 4 in [Wa], similarly to Theorem 2.12 in [Wa], we get
Lemma 5.5 When 2k ≤ n and X is small, then for f j ∈ C∞G (M),
limt→0φtψtch2k(
√
tB,X)(f0, · · · , f2k)J
=
1
(2k)!
(2pi
√−1)−n/2
∫
Z
f0 ∧ df1 ∧ · · · ∧ df2kÂ(FZg (X))J . (5.18)
Extending Theorem 3.9 to the family case, we have by Lemma 5.5 by
Theorem 5.6 When 2k ≤ n and X is small, then for f j ∈ C∞G (M),
limt→0φtψtch2k(
√
tB,X)(f0, · · · , f2k)
=
1
(2k)!
(2pi
√−1)−n/2
∫
Z
f0 ∧ df1 ∧ · · · ∧ df2kÂ(FZg (X)). (5.19)
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By Theorems 5.4 and 5.6 and the following homotopy property, similarly to Corol-
lary 3.11, we have
Corollary 5.7 When X is small, then
Che−X [Ind(DImp,+,z)] = (2pi
√−1)−n/2
∫
Z
Â(FZg (X))Ch(Imp). (5.20)
Let Bt =
√
tφtψt(B
−X) and Ft = B2t . Then we have the homotopy formula:
Proposition 5.8 There is a cochain ch(Bt,
dBt
dt ,X) such that the following formula
holds
dch(Bt,X)
dt
= −(b+B + dB0)ch(Bt,
dBt
dt
,X). (5.21)
Proof. We know that Bt is a superconnection on the infinite dimensional bundle
C∞(M,E) → B0 which we write E → B0. Let B˜0 = B0 × R+, and E˜ be the
superbundle pi∗E over B˜0, which is the pull-back to B˜0 of E . Define a superconnection
B̂ on E˜ by the formula
(B̂β)(x, t) = (Btβ(·, t))(x) + dt ∧ ∂β(x, t)
∂t
. (5.22)
The curvature F̂ of B̂ is
F̂ = Ft − dBt
dt
∧ dt, (5.23)
where Ft = B2t is the curvature of Bt. By the Duhamel principle, then
e−F̂ = e−Ft +
(∫ 1
0
e−uFt
dBt
dt
e−(1−u)Ftdu
)
∧ dt. (5.24)
Let f0, · · · , f2k be in C∞G (M), then [B̂, f j ] = [Bt, f j]. We replace Kt in (4.5) and
(4.6) by the above Bt, then we define the cochain ch(Bt,
dBt
dt ,X). So by (5.24), we
get on C∞G (M) that
ch(B̂,X) = ch(Bt,X) + ch(Bt,
dBt
dt
,X)dt. (5.25)
Similarly to (5.15), we have
(b+B + d
B˜0
)ch(B̂,X) = 0; (b+B + dB0)ch(Bt,X) = 0. (5.26)
By (5.25) and (5.26), we get Proposition 5.8. ✷
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